We consider the class P n of labeled posets on n elements which avoid certain three-element induced subposets. We show that the number of posets in P n is (n+1) n&1 by exploiting a bijection between P n and the set of regions of the arrangement of hyperplanes in
THE RESULTS
Let P n be the set of posets on [n] :=[1, 2, ..., n] which do not contain any of the three-element posets of Fig. 1 , with a<b<c, as induced subposets. For any undefined terminology about posets we refer the reader to [8, Chap. 3] . The objective of this paper is to point out some surprising enumerative properties of P n . Our first theorem follows. Theorem 1.1. The number of posets in P n is (n+1) n&1 .
We will prove this by a bijection between P n and the set of regions of the arrangement of hyperplanes x i &x j =0 for 1 i< j n, in R n . This is the Shi arrangement, denoted by S n . It was first considered by Shi [7] who proved that it dissects R n into (n+1) n&1 regions. A number of simple proofs of Shi's result were found recently, see for example [1] . Our bijection combined with the work of Pak and Stanley [9, Sect. 5 ] (see also [10] ) on the combinatorics of S n implies a refinement of Theorem 1.1 which we describe next. Recall that an inversion of a tree T on the vertex set [0, 1, ..., n] is a pair (i, j) with 1 i< j n such that the vertex j lies on the path in T from 0 to i. By a relation in a poset P we mean a pair of elements (a, b) of P such that a< P b, where we denote by P the partial order of P. 
THE BIJECTION
Let R be a region of S n , i.e., a connected component of the space obtained from R n by removing the hyperplanes of S n . For all 1 i< j n, exactly one of the relations x i <x j , 0<x i &x j <1, x i &x j >1 holds on R. We define the poset P=P R on [n] by requiring that for 1 i< j n:
In particular, i and j are incomparable in P if 0<x i &x j <1 holds on R. It is easy to check that P is a well defined poset, that is, x< P y and y< P z imply x< P z. For example, if R is the region of S 5 defined by x 3 >x 1 > x 5 >x 4 >x 2 and x 3 &x 4 >1, x 1 &x 2 >1, x 3 &x 5 <1, x 1 &x 5 <1, and x 1 &x 4 <1, then P R is shown in Fig. 2 . Our main theorem can be stated as follows.
Theorem 2.1. The map R [ P R defines a bijection between the set of regions of S n and P n .
Proof. First note that P R # P n . Indeed, if P R contains the first poset of The inverse map is as easy to describe. Given P # P n , let R P be the region in R n for which x i <x j , 0<x i &x j <1, or x i &x j >1 holds if i< P j, i and j are incomparable in P, or i> P j, respectively, for all 1 i< j n. We just have to show that this map is well defined, that is, R P is nonempty.
First we show that the linear ordering of x 1 , x 2 , ..., x n imposed by the previous conditions is well defined. Consider the complete graph on the vertex set [x 1 , x 2 , ..., x n ] with edges x i x j oriented with the arrow pointing to the largest vertex, i.e., for i< j, x i Ä x j if i< P j, and x j Ä x i otherwise. To check that this orientation is acyclic it suffices to check that there is no three-element cycle. Indeed, if 1 i< j<k n, then the cycle x i Ä x j Ä x k Ä x i cannot occur, because otherwise i< P j< P k but either i> P k or i and k are incomparable in P. The cycle x i Ä x k Ä x j Ä x i cannot occur because it either leads to contradictions similar to the previous one or it implies the existence of an induced subposet of P on [i, j, k] as the first in Fig. 1 . It follows that the orientation has the form x w j Ä x w i , 1 i< j n, for some permutation w 1 w 2 } } } w n of [n].
The region R P is given by
and also, for all 1 i< j n with w i <w j , the inequalities x w i &x w j >1 or x w i &x w j <1 if w i > P w j or w i and w j are incomparable in P, respectively. It is easy to see that R P is nonempty if and only if the following, obviously necessary, condition is satisfied: whenever x a x b >x c x d follows from
(1) with b<c, a<d, and x b &x c >1 is chosen for the pair (b, c), then x a &x d >1 is also chosen for the pair (a, d ). Since either a<c or b<d, it suffices to check the condition in the two special cases c=d and a=b. For the first case, suppose that x a >x b >x c follows from (1) with b<c, a<c, and x b &x c >1 is chosen for (b, c). Hence b> P c. If x a &x c <1 were chosen for (a, c) then a has to be incomparable to both b and c in P and P has the second forbidden poset in Fig. 1 as an induced subposet. The second case follows similarly from excluding the third kind of posets in Fig. 1 . K Theorem 2.1 and the result of Shi [7, Corollary 7.3.10] , mentioned in the Introduction, imply Theorem 1.1. As in [9, Section 5], we let the base region R 0 of S n be the region defined by the inequalities x 1 >x 2 > } } } >x n and x 1 &x n <1. The bijection due to Pak and Stanley described in [9, Section 5] and one due to Kreweras [5] yield the following result for S n (see [9, Theorem 5 .1]). Proof of Theorem 1.2. By construction, for 1 i< j n, the map R [ P R creates a relation i< P j in P=P R whenever x i &x j =0 separates R from R 0 and a relation i> P j whenever x i &x j =1 separates R from R 0 . The result follows from Theorems 2.1 and 2. 2. Paul Edelman [2] has defined a partial order on the set of regions R of a hyperplane arrangement A by inclusion of the sets of hyperplanes S(R 0 , R) which separate R from a fixed base region R 0 . This order is usually called the weak order on the regions of A. it follows from Theorem 2.1 that, for the Shi arrangement S n and if R 0 is as above, the weak order is isomorphic to the set P n partially ordered by inclusion of the sets of relations of the posets in P n . The minimal element R 0 corresponds to the antichain on [n] and the maximal elements to the n ! linear orderings of [n] . The set P n becomes a graded poset and the numbers in Theorem 1.2 are simply the cardinalities of various ranks.
